Abstract. Rapid solidification of a non-dilute binary alloy is studied using a phase-field model with a general formulation for different diffusion coefficients of the two alloy components. For high solidification velocities, we observe the effect of solute trapping in our simulations leading to the incorporation of solute into the growing solid at a composition significantly different from the predicted equilibrium value according to the phase diagram. The partition coefficient tends to unity and the concentration change across the interface progressively reduces as the solidification rate increases. For non-dilute binary alloys with a value of the partition coefficient close to unity, analytical solutions of the phase-field and of the concentration profiles are found in terms of power series expansions taking into account different diffusion coefficients of the alloy components. A new relation for the velocity dependence of the nonequilibrium partition coefficient k(V ) is derived and compared with predictions of continuous growth model by Aziz and Kaplan [1]. As a major result for applications, we obtain a steeper profile of the nonequilibrium partition coefficient in the rapid solidification regime for V /V D > 1 than previous sharp and diffuse interface models which is in better accordance with experimental measurements (e.g. [2]).
1.
Introduction. Recent progress in the understanding of pattern formation during solidification is associated with the development of models containing a continuous order parameter named "phase field" [3] . The phase-field models of solidification use a time and space dependent variable ϕ (the phase field) to describe the thermodynamic state of the various regions of the system. For example, in solid-liquid phase systems, the solid phase corresponds to ϕ = 1 and the liquid phase to ϕ = 0. Interfaces between the phases are identified by a smooth but highly localized transition of the phase-field variable in the interval 0 < ϕ < 1. First, from a theoretical viewpoint, the phase-field approach has the advantage in providing a unified description of the system. The diffuse interface formulation allows to derive the whole set of governing equations for the bulk phases and for the interfacial regions at the same time in a thermodynamically consistent way on the basis of an entropy functional applying the first and the second law of thermodynamics [4, 5, 6] . Therefore, the evolution equations fulfill the conservation laws for mass and energy as well as a positive local entropy production. Second, the continuous phase-field variable facilitates a numerical treatment by avoiding the explicit tracking of the solid-liquid 1036 DENIS DANILOV AND BRITTA NESTLER interface, in particular, when complex geometries are involved [3] as e.g. in the case of growing dendrites or eutectic structures.
At low growth velocities, the thickness of the diffuse interface is physically small in comparison with the characteristic length scale of the microstructure. In this case, it has been shown mathematically, that in the limit of zero interface thickness, the phase-field approach converges to classical moving boundary problems of solidification [6, 7, 8, 9] . Under rapid solidification conditions, the scale of the diffusion field becomes comparable with the interface thickness. This leads (i) to a nonequilibrium, velocity dependent partition coefficient k a (V ) = c S /c L , defined by the ratio between the concentration c S of the growing solid and of the liquid c L (ii) to a nonequilibrium liquidus slope and (iii) to kinetic phase diagrams within the scope of the phase-field approach [10, 11, 12] .
In the dilute alloy limit, Aziz and Kaplan [1] have formulated a continuous growth model (CGM) that expresses the velocity dependence of the partition coefficient by
where k e is the equilibrium partition coefficient. The so-called "diffusive speed" V D is the ratio of the solute diffusivity at the interface to the interatomic distance. The CGM describes the experimentally observed solute trapping phenomenon that takes place in the rapid solidification regime when the velocity V approaches V D . Solute atoms do not diffuse rapidly enough ahead of the growing solid phase and hence become engulfed into the advancing crystal/melt interface. Laser experiments with high processing velocities reach growth velocities of 1-10 m/s corresponding to the transition from local interfacial equilibrium to complete solute trapping, k a (V ) → 1. The CGM has been applied to various dilute alloys and to process conditions in the low-velocity regime (V V D ), [13, 14] . In the high-velocity regime (V V D ), it can be seen in Fig. 1 that the experimental data of two Si-As alloys (open dots and solid triangles) show a much steeper profile than the CGM (solid line) proposes. Numerical results of Monte Carlo simulations [15] and of molecular dynamics simulations [16] show that a good agreement between simulated values of the non-equilibrium partition coefficient and theoretical model predictions is obtained for low and moderate interface velocities. At high growth velocities, a clear discrepancy can be observed in Fig. 2 of [15] and in Fig. 7 of [16] confirming the steeper profile suggested by the experimental data of Si-As [2] . Galenko and Sobolev [17] proposed a modification of the sharp interface model by Aziz and Kaplan [1] in order to reflect the tendency at high growth velocities.
At such length scales, diffuse interface methods are found to provide more reasonable descriptions of the diffusion processes. The phase-field method enables the modelling of the evolving bulk phases, of the phase transition from liquid to solid as well as of the velocity dependence of the jump in concentration in the interfacial region.
In this paper, we aim to derive a new definition of the non-equilibrium partition coefficient k(V ) on the basis of a phase-field approach. The new velocity dependence of the partition coefficient taks concentrations at the boundaries of the diffuse solidliquid interface layer into consideration and herewith leads to a more rapid increase of the partition coefficient to one for high velocities. We assume a steeper profile for the function k(V ) in better accordance with experimental measurements for high growth velocities. This tendency is supported by the experimental data points of Si-As in Fig. 1 at interface velocities V > 1.0m/s. Further, the new derivation of k(V ) is also applicable to also describe non-dilute alloy systems. The outline of this paper is as follows. In Sec. 2 and 3 we summerize the equations of the phase-field model that will be considered including a formulation of interdiffusion. Further, we define the leading order expansions. In Sec. 4 we apply the phase-field model to simulations of steady-state growth of a planar solid-liquid interface in non-dilute binary Ni-Cu alloys under rapid solidification conditions. A special emphasis lies on the investigation of different diffusion properties of the alloy components. The characteristical concentration profiles across the crystal/melt interface are illustrated for different growth speeds. A new relation for the velocity dependence of the partition coefficient k(V ) is derived and the profile is compared with previous models such as the CGM. Conclusions are drawn in Sec. 5.
2. Phase-field model. We use the phase-field formulation for alloy solidification that has recently been proposed in [6] for a general class of multicomponent and multiphase systems. We reduce the general case to two phases (solid and liquid) and to a binary alloy with components A and B and write down evolution equations of the phase-field model for isotropic kinetics and isotropic surface energies of the solid-liquid interface.
We assume the alloy to be at a constant temperature T in ideal solution approximation and postulate the free energy density f in the form
where L i and T i , i = 1, 2, are the latent heats and melting temperatures of the alloy components A and B, c i are the concentrations given in molar fraction, v m is the molar volume and R is the gas constant. The value of ϕ = 1 corresponds to the solid phase, ϕ = 0 corresponds to the liquid and the function h(ϕ) = ϕ 2 (3 − 2ϕ) is monotonic on the interval [0, 1] satisfying the conditions h(0) = 0 and h(1) = 1.
The evolution of the phase-field variable ϕ is determined by the partial differential equation
where
2 is a double well potential. By g ,ϕ and f ,ϕ , we denote the derivative of the functions g(ϕ) and f (c, ϕ) with respect to ϕ. The model parameters ε, γ, ω are related to physical parameters of the alloy. The correlations are defined in Sec. 3.1. The diffusion mass transport of the alloy components is driven by the gradients of the chemical potential µ i defined as
Following nonequilibrium thermodynamics, we write the mass flux J i as a linear function of the driving forces
According to [6, 18] , the phenomenological coefficients L ij (c, ϕ) are given by the expression
By this definition, different diffusion coefficients D i (ϕ) of the alloy components A and B are taken into account and the condition c 1 + c 2 = 1 is satisfied. The form of Eqs. (2.2)-(2.4) leads to a nonnegative local entropy production ensuring the second law of thermodynamics in the system. Further, we rescale the latent heats and the melting temperatures by L and T , respectively and introduce dimensionless variables
The form (2.1) of the free energy density f leads to a relationship along the equilibrium phase diagram
where c S B is the solidus concentration of the component B, c L B is the liquidus concentration, and T is the corresponding temperature on the equilibrium phase diagram. An analogous relationship holds for the component A. Thus, the dimensionless expression v mL /(RT ) can be considered as a scale for the "thickness" of the lense-type phase diagram, and we introduce the small parameter δ by
For example, the alloy system Ni-Cu has an equilibrium partition coefficient k e = 0.88 and correspondingly, δ = 0.14. To find an approximate solution of the problem, we expand the concentration and the phase-field functions c i (x, t) and ϕ(x, t) and the constant isothermal temperature θ in power series of the small parameter δ leading to
where c (0) is a constant initial concentration of the component B in the melt. Inserting these expansions in Eqs. (2.3) and (2.4), the mass fluxes rewrite to
where the average diffusion coefficient D is a combination of the diffusion coefficients D i for the two alloy components, given by
and the parameter ∆ (c) is defined by
The assumptions in Eqs. (2.1), (2.2), (2.5) and (2.6) together with the boundary conditions and the mass conservation law describe the solidification in a nondilute binary alloy in isothermal approximation.
3. Steady-state motion of the interface. In alloy solidification processes, there are two major growth regimes: Non-steady state growth near equilibrium and steady state growth for non-equilibrium conditions. For low undercoolings, the growth rate continuously slows as the phase transition tends to equilibrium and the concentration in the melt approaches the equilibrium liquidus composition. Growth far from the equilibrium is usually accompanied by steady state motion of the interface leading to steady state concentration profiles. In directional solidification or in laser recrystallization experiments, a constant pulling velocity or respectively a constant speed of the laser beam forces a steady state growth conditions.
We consider the liquid composition c (0) in Eq. (2.5) and the front velocity V as controlled parameters whereas the self-consistent temperature and the interfacial composition will be determined from the solution of Eqs. (2.1), (2.2), (2.5) and (2.6).
For a planar solid-liquid interface growing with a constant velocity V , we introduce a moving frame by 8) so that the interface ϕ = 1/2 is located at z = 0. Corresponding boundary conditions which are invariant with respect to the transformation of variables are given by ϕ| z→ −∞ = 1, ϕ| z→ +∞ = 0,
In the moving frame as in Eq. (3.8), the steady-state phase field ϕ and the steadystate concentration fields c i are stationary and depend only on the spatial variable z.
3.1. Phase field. In the zeroth order of approximation, the evolution equation for the phase field in Eq. (2.2) in the moving frame, Eq. (3.8), reads
This equation is a nonlinear ordinary differential equation of reaction-diffusion type and together with the boundary conditions in Eq. (3.9) it has the traveling wave solution
The self-consistent temperature θ (0) is defined by the relation
where the temperature θ L and the kinecelestinitic coefficient β are given by
(3.12)
At small growth velocities V , Eq. (3.11) can be approximated by
where the last term is known as the kinetic undercooling. Using the dimensional latent heats and melting temperatures, we obtain the relations between the phasefield parameter ω and the kinetic coefficient β from Eq. (3.12) in the limit of a dilute alloy
where β 0 and β 1 are the kinetic coefficients of the pure A and B substance, respectively. The entropy contribution of the solid-liquid interface is given by the integral
where a(∇ϕ) = γ(∇ϕ) 2 is the gradient term and W (ϕ) = 9γg(ϕ) is the double well potential.
Thus, the parameter γ is the surface entropy density of the solid-liquid interface related to the surface energy density σ by γ = σ T .
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The parameter ω is related to the kinetic coefficient β by Eqs. (3.12) and (3.13) and the thickness of the diffuse interface is equal to 2ε because the phase-field variable ϕ (0) varies from 0.05 to 0.95 in the interval −ε < z < +ε.
Concentration field.
For the case of steady-state interface motion, the conservation laws for the alloy components ∂ t c i + ∇J i = 0 in the moving frame, Eq. (3.8), read −V (c i ) z + (J i ) z = 0. Taking into account the boundary conditions in Eq. (3.9) and the series expansions in Eq. (2.5), this equation integrates as follows
Since the mass fluxes disappear far from the interface, J| z→ ±∞ = 0, equation (3.14) leads to the relations c (1) = 0 at z → ±∞ and c i | z→ −∞ = c i | z→ +∞ . Substituting the expression for the mass fluxes in Eq. (2.6) into the conservation law (3.14), we get the differential equation for the function c (1) describing the concentration profile
The corresponding solution satisfying the boundary conditions in Eq. (3.9) has the form
4. Application to rapid solidification of non-dilute Ni-Cu alloys. To show how these scales influence the redistribution of the alloy components, we assume for simplicity that the diffusion coefficients D i do not depend on a spatial coordinate. Introducing a dimensionless coordinate ξ = z/ε, the solution in Eq. (3.10) for the phase field reads
and the concentration profile in Eq. (3.15) can be rewritten as
where we set For the subsequent computations, we adopt a set of physical parameters corresponding to the Ni-Cu binary alloy. The following thermophysical properties have been assumed:
For the dynamical properties (diffusion and kinetic coefficients), the results of molecular dynamics simulations reported in [19] have been used: D Ni = 3.82 × 10 −9 m 2 /s, D Cu = 3.32 × 10 −9 m 2 /s, β = 2.22 K s/m. The parameter ε is set to ε = 0.4 nm leading to a diffuse interface of thickness 2ε = 0.8 nm.
As noted above, we consider the melt composition c (0) and the velocity of the planar front V as two control parameters. Fig. 2 shows the phase-field profile ϕ (0) (dashed line) and the three concentration profiles c (1) (ξ) for different growth velocities and for a fixed melt composition c (0) = 0.5. The vertical dotted lines at ξ = ±1 correspond to the boundaries of the diffuse interface region 0.05 ≤ ϕ (0) ≤ 0.95 between the solid and liquid phases. ξ = 0 is the position of the interface at ϕ (0) = 0.5. Three changes in the concentration profile can be seen with increasing growth velocity: (i) the concentration gradient in the liquid phase increases; (ii) the difference between the concentrations of the solid and liquid decreases; (iii) the maximum c (1) max of the concentration profile shifts its position ξ max from about ξ max = 1 to ξ max = 0, see also Fig. 3 . These changes render a depression of the concentration boundary layer in front of the growing interface with increasing front velocity. At low growth velocities with V /V D = 0.1, the diffusion length l D is larger than the interface scale ε and a pronounced concentration boundary layer is present in the liquid phase in Fig. 2a . At high growth velocities with V /V D = 10, the diffusion length l D is smaller than the interface scale ε. Hence, the inhomogeneity of the concentration field c (1) is completely contained in the diffuse interface region at −1 ξ 1. The liquid phase at ξ > 1 has the uniform composition c (0) (Fig. 2c) . In Fig. 5 , we present concentration profiles c
(1) (scaled by c
max for convenience) at a fixed growth velocity for three different melt compositions c (0) . In the case of a melt composition with small amount of component B, e.g. c (0) = 0.1, the decay of the concentration boundary layer is determined by the diffusion coefficient D B = D 2 and correspondingly by the length scale l 2 (Fig. 5a ). In the opposite case of a B-atom rich melt, e.g. c (0) = 0.9, the diffusion process is determined by the diffusion coefficient D A = D 1 and by the length scale l 1 (Fig. 5c) 4.2. Nonequilibrium partition coefficient. The partition coefficient k of an alloy component is defined by the ratio between its concentration in the growing solid phase c S and that in the liquid phase c L at the interface. Experiments show that, with increasing interface velocity, the partition coefficient increases from its equilibrium value k e [13] and approaches unity under rapid solidification conditions [2] . This phenomenon has been termed "solute trapping". In this section, the partition coefficient of the component B that follows from the solution in Eq. (3.15) is compared with the prediction of the continuous growth model in [1] , where the dependence of the partition coefficient k a on the interface velocity V has been derived as
Considering Fig. 2 , two definitions of the partition coefficient in the phase-field formulation are possible. In the first case, the concentration of B-atoms in the liquid at the interface is associated with the maximum of c (1) and the concentration in solid is assumed equal to c (0) . Taking into account the expansion in Eq. (2.5), this leads to a partition coefficient k m that reads
This definition of the partition coefficient has been used in the articles [10, 11] where it is applied to dilute binary alloys. In the second case, we define the concentrations in the solid and liquid phases at the corresponding boundaries of the diffuse interface, i.e. at ξ = ±1, by c
respectively, which leads to a partition coefficient
The three functions given by Eqs. Fig. 2 , the inhomogeneity of concentration field has the length comparable to, or smaller than the thickness of the diffuse interface in the case of rapid solidification conditions, i.e. at growth velocities V ≫ V D . Consequently, the concentration of the alloy components in the solid and in the liquid phase outside the interfacial region is uniform and equal to the initial concentration in the melt, i.e. the complete solute trapping occurs.
Conclusion.
A phase-field model for non-dilute binary alloys with a general formulation of interdiffusion processes for the two components has been examined in the rapid solidification regime. Steady-state solutions for the phase field and for the concentrations of the alloy components, Eqs. (3.10) and (3.15) , are obtained in terms of power series expansions under the assumption that the partition coefficient is close to unity. Simulated concentration profiles corresponding to the Ni-Cu data set show that the displacement of the concentration peak ahead of the solid-liquid interface decreases for increasing solidification rates. Further, the effect Fig. 6 performs a steeper profile of partition coefficients at high soldification rates for non-dilute alloys (e.g. see [2] ) than previous models. This is in accordance with the experimental data points of Si-As in [2] , the numerical and theoretical predictions in [15, 16, 17] . A comparison with both, the prediction of the continuous growth model [1] given by Eq. (4.18), and the value obtained from the definition of Eq. (4.19) which is based on the concentration maximum c (1) max is shown. The presented model for nonequilibrium interface kinetics during rapid solidification will be applied to recover the experimental results of non-dilute Si-As alloys described in [2] in a forthcoming paper.
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